This work is concerned with the frictional contact problem governed by the Signorini contact model and the Coulomb friction law in static linear elasticity. We consider a general finite dimensional setting and we study local uniqueness and smooth or nonsmooth continuation of solutions by using a generalized version of the implicit function theorem involving Clarke's gradient. We show that for any contact status there exists an eigenvalue problem and that the solutions are locally unique if the friction coefficient is not an eigenvalue. Finally we illustrate our general results with a simple example in which the bifurcation diagrams are exhibited and discussed.
Introduction
Friction problems are of current interest both from the theoretical and practical point of view in structural mechanics. Numerous studies deal with the widespread Coulomb friction law [6] introduced in the eighteenth century which takes into account the possibility of slip and stick on the friction area. Generally the friction model is coupled with a contact law and very often one considers the unilateral contact allowing separation and contact and excluding interpenetration. Although quite simple in its formulation, the Coulomb friction law shows great mathematical difficulties which have not allowed a complete understanding of the model. In the simple case of continuum elastostatics (i.e., the so-called static friction law) only existence results for small friction coefficients have been obtained (see [24, 19, 9] ) as well as some examples of nonuniqueness of solutions for large friction coefficients [14, 15] . As far as we know there does not exist any uniqueness result and/or nonexistence example for the continuous model.
In the finite dimensional context, the finite element problem admits always a solution which is unique provided that the friction coefficient is lower than a critical value vanishing when the discretization parameter h tends to zero (see e.g., [10] ). In fact the critical value behaves like h 1/2 . Actually, it is not established if this mesh-size dependent bound ensuring uniqueness represents a real loss of uniqueness or if it comes from a 'nonoptimal' mathematical analysis. In particular we don't know if for a given geometry there may exist a mesh and a nonuniqueness example for an arbitrary small friction coefficient. Several examples of nonunique solutions exist for the static case involving a finite or infinite number of solutions (see e.g., [13] ). Moreover it is possible to find (using finite element computations) for an arbitrary small friction coefficient a geometry with a nonuniqueness example (see [12] ).
Our aim in this paper is to propose and to study a framework for the finite dimensional problem in order to obtain results ensuring local uniqueness and smooth or nonsmooth continuation of solutions. As far as we know the only existing results concerned with uniqueness in the finite dimensional case are global and assume that the friction coefficient is small. As a consequence there does not exist any uniqueness result for large friction coefficients. Roughly speaking our method can be summarized as follows. We use a formulation of the frictional contact conditions (without any regularization or smoothing) following the ideas introduced in [22] in which the discrete problem is written H(F, Y ) = 0 where F is the friction coefficient and Y is a vector comprising the displacement field as well as the normal and tangential loads on the contact zone. Having at our disposal a solution (F, Y ) to the discrete problem we obtain an eigenvalue problem depending on the status of the nodes on the contact zone. The eigenvalue problem comes from the application of the generalized implicit function theorem involving Clarke's gradient which is well-adapted to the unilateral contact model with Coulomb friction. We write the eigenvalue problem both in the smooth case (when H is C 1 near (F, Y )) and in the nonsmooth case (when H is only Lipschitz-continuous near (F, Y )). The main result obtained in this paper is that the solution (F, Y ) is locally unique if the friction coefficient is not an eigenvalue.
The paper is outlined as follows. Section 1 deals with the setting of the frictional contact problem in linear elasticity and the weak formulations are derived in Section 2. Section 3 contains the main results: a first one dealing with local uniqueness and C 1 continuation of solutions in the regular case and a second one concerning local uniqueness and Lipschitz continuation of solutions in the nonregular case (i.e., when some points on the contact zone satisfy grazing contact or vanishing slip conditions). We prove that for any contact status there exists an eigenvalue problem and that the solutions are locally unique if the friction coefficient is not an eigenvalue. Section 4 is concerned with some explicit calculus in the case of a single finite element mesh. The different types of bifurcation points (causing the loss of local uniqueness) where the eigenvalues are located are exhibited and discussed.
Problem set up
Let Ω ⊂ R d (d = 2 or 3) be a bounded domain representing the reference configuration of a linearly elastic body whose boundary ∂Ω consists of three nonoverlapping open parts Γ N , Γ D and Γ C with Γ N ∪ Γ D ∪ Γ C = ∂Ω. We assume that the measures of Γ C and Γ D are positive. The body is submitted to a Neumann condition on Γ N , a Dirichlet condition on Γ D and a unilateral contact condition with static Coulomb friction between the body and a flat rigid foundation on Γ C (see Fig. 1 ).
The frictional contact problem consists in finding the displacement field Ω, satisfying:
where σ(u) denotes the stress tensor, ε(u) stands for the linearized strain tensor, A is the elastic coefficient tensor which satisfies the classical conditions of symmetry and ellipticity. The notation n represents the unit outward normal to Ω on ∂Ω, and g, f are the given external loads. On ∂Ω, it is usual to decompose the displacement and the stress vectors in normal and tangential components as follows:
To give a clear sense to this decomposition, we assume that Γ C is C 1 regular. Supposing also that there is no initial gap between the solid and the rigid foundation, the unilateral contact condition is expressed by the following complementary condition on Γ C :
Denoting by F the nonnegative friction coefficient, the static Coulomb friction condition on Γ C reads as:
When the friction coefficient vanishes on Γ C then the friction conditions merely become σ T (u) = 0 on Γ C .
Weak formulations

Classical weak formulation
We present here the classical weak formulation proposed by G. Duvaut [7] . Let us introduce the following Hilbert spaces
and their topological dual spaces V , X , X N and X T . It is assumed that Γ C is sufficiently smooth such that
Classically, H 1/2 (Γ C ) is the space of the restrictions on Γ C of traces on ∂Ω of functions of H 1 (Ω), and H −1/2 (Γ C ) is the dual space of H 1/2 00 (Γ C ) which is the space of the restrictions on Γ C of functions of H 1/2 (∂Ω) vanishing outside Γ C . We refer to [23, 1] for a detailed study concerning trace operators and to [21, 11] for a presentation of the trace operators involved in contact problems. Now, the set of admissible displacements is defined as
The following functionals
represent respectively the virtual work of elastic forces, the external loads and the "virtual work" of friction forces. We assume the following standard hypotheses: a(., .) is a bilinear symmetric V −elliptic and continuous form on V × V :
Condition (10) ensures that j(λ N , v T ) is linear continuous with respect to λ N and convex and lower semi-continuous with respect to v T when λ N is a nonpositive element of X N (see for instance [3] ). Problem (1)- (7) is then formally equivalent to the following inequality formulation ( [7, 8] ):
The first existence results for this problem were obtained by Nečas, Jarušek and Haslinger in [24] for a two-dimensional elastic strip, assuming that the coefficient of friction is small enough and using a shifting technique, previously introduced by Fichera, and later applied to more general domains by Jarušek [19] . Eck and Jarušek [9] give a different proof using a penalization method. We emphasize that most results on existence for frictional problems involve a condition of smallness for the friction coefficient (and a compact support of the friction coefficient on Γ C ). It has been proven recently that the problem (1)- (7) does not admit a unique solution in the general case. More precisely there exist for some loads an infinity of solutions slipping in the same direction for precise friction coefficients (see [15] ) and there exist for some loads at least two isolated solutions involving stick and separation for large friction coefficients (see [14] ).
The main difficulty in (11) comes from the coupling between the friction threshold and the contact pressure σ N (u). The consequence is that this problem does not represent a variational inequality, in the sense that it cannot be derived from an optimization problem.
Hybrid weak formulation
Let K N be the set of admissible normal displacements on Γ C :
The set of admissible normal stresses on Γ C is defined by
This is the opposite of K * N the polar cone to K N . Given λ N ∈ Λ N the set of admissible tangential stresses on Γ C can be defined as
With these notations, the formulation (11) is equivalent to the following problem
It is easy to see that λ N = σ N (u) and λ T = σ T (u) at least in a weak sense.
Projection formulation
) is also a solution to the following problem (see [22] ) for an arbitrary r > 0
where
Remark 1
The previous formulation does not involve any regularization of the frictional contact conditions. For a given r > 0 it is equivalent to Problem (12) . Therefore the solution u, λ N , λ T does not depend on r.
Hybrid finite element discretization
Classically, let V h ⊂ V be a family of finite dimensional sub-vector spaces indexed by h coming from a regular finite element discretization of the domain Ω (the notation h represents the diameter of the largest element). We define
Let us denote also by
some finite element approximations of X N , X T and X respectively satisfying the Babuska-Brezzi "inf-sup" condition:
where c may depend on h.
Remark 2
The inf-sup condition is satisfied if e.g., V h is a space of continuous finite elements of degree k ≥ 1 and if X h coincides with the restriction on Γ C of functions in V h (see [4] ).
are generally not satisfied). With these notations, the discrete formulation of (12) becomes
We set
and ϕ i , ψ i and ξ i are the shape functions of the chosen finite element method. We introduce the following matrices:
The contact condition
can be expressed in a matrix formulation
where Λ h N is the convex of vectors whose components are the nodal values on
The expression (21) is equivalent to the condition "−B N U belongs to the normal cone to Λ 
and the friction condition incorporated (14) can be written (with obvious notations):
Therefore the matrix formulation of Problem (14) becomes:
The advantage of this formulation is that contact and friction conditions are expressed without constrains and with Lipschitz-continuous expressions.
The existence of solutions to Problem (22) is established in [20] for any friction coefficient together with an uniqueness result when the friction coefficient is small. In this reference the denomination "small" depends on the discretization parameter h and the bound ensuring uniqueness vanishes as h tends towards zero. Although no specific regularity for the mapping G −→ Λ h T (G) is necessary to prove existence and uniqueness except that Λ h T (G) has to be a closed convex set, we assume that the following additional property holds:
This is not a restricting hypothesis since all known discretizations of the Coulomb friction condition satisfy (23) . In particular this ensures the existence of Clarke's generalized derivative.
Example of discretization with a Lagrange finite element method
Let us denote by a i , i = 1..N c the set of all the finite element nodes and I C = {i : a i ∈ Γ C } the indices of nodes on Γ C . We still use the notations defined in (15)- (20) and we suppose that the positive friction coefficient F is constant on Γ C . For i ∈ I C we define a vector N i ∈ R k 1 such that the normal displacement at a i can be written
Similarly, for the tangential displacement, we define for any i ∈ I C a k 1 -by-(d − 1) matrix
where the columns of the (small) matrix t i form an orthonormal basis of the tangent plane to Γ C at the node a i .
We consider here a space V h of continuous finite elements functions of degree k ≥ 1 with
This choice always ensures the fulfillment of the inf-sup condition (13) . Let us define the following convex cone:
Note that this choice on the multipliers (which means that the generalized loads at the contact nodes are nonpositive) implies that the dual unknowns (e.g., the normal displacements on Γ C ) satisfy the nonpenetration condition only at the nodes. If g ∈ Λ h N , we choose Λ h T (g) as follows:
where it is assumed that ψ n j (a i ) = δ ij , ∀i, j ∈ I C . This choice means that the generalized loads at the contact nodes belong to Coulomb's cone. We consider the vectors B 
With these notations we obtain a formulation issued from (22) involving the nodal forces: for a given r > 0
where P B(0,r) is the projection onto the ball of center 0 and radius r in R d−1 and (x) + stands for the positive part of x ∈ R. 
The local uniqueness results
Given r > 0 and denoting
, we consider the Lipschitz-continuous and piecewise
The problem
corresponds roughly speaking to a friction problem with an a priori known friction threshold −G (also called Tresca friction problem).
Remark 4
In fact, G is the gradient of the following proximal augmented Lagrangian introduced by Alart and Curnier [2] :
In particular, this ensures the symmetry of its gradient.
Now we introduce the map
It is straightforward that a solution to Problem (22) is a solution to
and conversely. Clearly, H = GI where I : R × R k −→ R k 2 +k is defined by
In the following, the notation ∇J = (∇ 1 J , ∇ 2 J ) represents the Jacobian matrix of a functional J (., .), possibly in a generalized sense (e.g., Clarke's gradient, see [5] ).
Lemma 1 Assume that hypotheses (8) , (9), (10) and (13) hold and suppose that the mapping G is C 1 near (G, Y ). Then the matrix ∇ 2 G(G, Y ) is nonsingular. for the sake of simplicity. These matrices are symmetric, since a gradient of a projection P C onto a closed convex set C is always symmetric (more precisely ∇P C is the hessian of ( x 2 − d 2 C (x))/2 where d C (x) represents the distance from x to C). To simplify we shall denote ∇ 2 G instead of
Proof. In this case the Jacobians
According to the definition of G in (25) and with obvious notations we deduce that ∇ 2 G is symmetric (the definition of G was chosen precisely to obtain a symmetric matrix ∇ 2 G) and:
where I 2 and I 3 stand for the identity matrices of order k 2 and k 3 . So A U U is symmetric and positive definite and A N N and A T T contain only nonpositive coefficients.
which means that V U = 0 since A N N and A T T are nonpositive and thus
Due to the inf-sup condition (13) the matrix B has maximal rank, which implies V N = V T = 0 which contradicts the assumption. Hence ∇ 2 G is nonsingular.
The latter result applies when the projections are regular. In fact, most of the time, a solution Y to Problem (26) Because of the finite dimensional characteristic of the problem the probability to be in one of the above mentioned cases is close to zero, but such cases appear and may lead to bifurcations (see the discussion in section 4).
Our aim is to study locally the set of solutions verifying (27) (or equivalently (22)) using implicit function theorems. In the regular case (i.e., when H is C 1 near (F, Y )) we have to consider the k-by-k matrix ∇ 2 H containing the derivatives of H with respect to (Y U , Y N , Y T ) and to discuss its singularity. Consequently
where 0 1 (resp. 0 3 ) denotes the k 2 -by-k 1 (resp. k 2 -by-k 3 ) zero matrix and I 2 represents the identity matrix of order k 2 .
We look for conditions ensuring singularity of
is nonsingular and we write to simplify
or equivalently
In fact it suffices to determine an eigenpair ( 1 F , V N ) such that
where A is the matrix obtained from −(∇ 2 G) −1 ∇ 1 G when keeping the lines from (8), (9), (10) and (13) 
Since the situation is clear in the regular setting, we now consider the nonregular case. Because the maps G and H are Lipschitz-continuous, they admit a generalized gradient in Clarke's sense everywhere. Let us recall the following characterization of the generalized gradient (see [5] ) for a Lipschitz-continuous function J (Z) which fails to be differentiable in a set Ω f of zero Lebesgue measure:
where the notation "co" stands for the convex hull (see [17] ).
The computation of the generalized gradient of G leads to the following result:
where W N and (W T W G ) are selections of the generalized gradient of
The matrices W N and W T are symmetric because of the symmetry of the gradient of a projection.
The generalized gradient of H can be deduced:
and its restriction to the second variable becomes
Note that in the case of generalized gradients, the right way to compute a partial gradient is to restrict the total gradient, see [5] . In particular, W G and W T are not independent selections. The following lemma is the extension to the nonregular case of Lemma 1.
Lemma 2 Assume that hypotheses (8) , (9), (10), (13) and (23) hold. Then the restriction
The proof of this lemma is identical to the one of Lemma 1 applied to each selection of
It is straightforward that ∇ 2 H(F, Y ) is singular if and only if there exist
i.e., there exists an eigenpair ( 1
which is the same formulation as in (30) (or (31)) with generalized gradients. Thus, the following theorem holds:
Theorem 1 Assume that hypotheses (8),(9),(10), (13) and (23) hold. If (F 0 , Y 0 ) solves (27) and if 1 F 0 is not an eigenvalue to Problem (32) for any selection of W N , W G and W T , then there exist a neighborhood U of F 0 , a neighborhood V of Y 0 and a Lipschitz-continuous function ζ : U −→ V such that
The proof is a straightforward application of the implicit function theorem for Lipschitz functions due to J.-B. Hiriart-Urruty (See [16] or [5] ). Note that the result in the theorem (as well as the one in the proposition) is only a sufficient condition for local uniqueness and continuation of solutions. These conditions are not necessary in the general case (see the discussion at the end of section 4).
An elementary example
We now discuss an elementary example involving the single linear triangular finite element in two space dimensions depicted in Figure 2 (the lengths of Γ C , Γ N and Γ D are , and √ 2 , respectively). We use Hooke's constitutive law corresponding to homogeneous isotropic materials in (2):
in Ω, where λ ≥ 0 and µ > 0 are the Lamé coefficients and δ ij denotes the Kronecker symbol. Note that in plane strain approximation λ = (Eν)/((1 − 2ν)(1 + ν)) and µ = E/(2(1 + ν)) where E > 0 and 0 ≤ ν < 1/2 represent Young's modulus and Poisson's ratio, respectively. Our aim in this section is to achieve a complete discussion concerning local uniqueness and continuation of solutions for this simple finite element problem. We solve the eigenvalue problem (31) and the nonsmooth version (32) and we compare the results given by the proposition and the theorem with the set of solutions to (27). In this configuration the contact status is only determined by the behavior of point A. We adopt the finite element discretisation of the frictional contact conditions written in (24) . As a consequence we have (k 1 , k 2 , k 3 ) = (2, 1, 1); therefore for a given friction coefficient and a loading there are four unknowns to the frictional contact problem. We denote them by u N (normal displacement at A), u T (tangential displacement at A),λ N (normal component of the generalized load at A) andλ T (tangential component of the generalized load at A). On Γ C we set n = (0, −1) and the unit tangent vector is t = (1, 0) . The matrices K, B N , B T become:
With F T = (F N , F T ), and according to (24) the discrete frictional contact problem is:
Let us first carry out a simple calculus which is useful for the forthcoming study. Consider the mapping T : R × R + → R such that It is easy to see that T is Lipschitz-continuous and differentiable in Clarke's sense. Its gradient is given in Fig. 3 .
Note that for x > 0, one has ∇ x T (x, x) = α ∈ [0, 1] and ∇ y T (x, x) = 1 − α and the two partial derivatives are dependent. Now, from (32) and Theorem 1, a solution (F, Y ) is locally unique provided that for any selection
Analysis of the different cases
The different situations are summarized in Table 1 . Table 1 : Cases of non-trivial solutions for system (34), with a = λ + 3µ 2 , b = λ + µ 2 .
Cases a1 and a2 deal with nonzero contact forces located on the boundary of Coulomb's cone. Case a1 corresponds to contact with slip and the solution is locally unique if u T > 0. The solution is also locally unique if u T < 0 and F = (λ+3µ)/(λ+µ). The remaining case (i.e., u T < 0 and F = (λ + 3µ)/(λ + µ)) may correspond to a bifurcation case and it will be analyzed in section 4.3. In case a2 there is sticking contact and the solution is locally unique whenλ T < 0. The solution is also unique whenλ T > 0 and F ∈ [0, (λ+3µ)/(λ+µ)[. Bifurcation may occur for F ≥ (λ + 3µ)/(λ + µ) andλ T > 0.
Case a3 corresponds to contact forces in the interior of Coulomb's cone and case a4 corresponds to a non contact state. In both cases the solution is locally unique for any positive friction coefficient.
Cases a5 and a6 correspond to vanishing contact forces (e.g., grazing contact). The solution is locally unique for u T > 0 or for u T ≤ 0 with F ∈ [0, (λ + 3µ)/(λ + µ)[ (in case a6 we note that the friction coefficient value a/b is obtained when α = 0, β = −1, γ = 1). Here also, bifurcations may be possible in the case u T ≤ 0 and F ≥ (λ + 3µ)/(λ + µ).
Solutions to the elementary example
It is not difficult to obtain all the solutions to Problem (33) for any positive friction coefficient F. They are listed in Table 2 .
Cases
Solutions Range of F N and F T b1) no contact forces λ N = 0λ 
Combining the results of the previous discussion we come to the conclusion that there are four situations in which more than one solution exist. More precisely the problem admits:
• an infinity of solutions coming from case b6 as well as the solutions of cases b1 and b2, when 0 < (λ + 3µ)F N = −(λ + µ)F T and F = (λ+3µ) (λ+µ) ,
• three solutions coming from the cases b1, b2 and b5 for
• two solutions coming from the cases b1 and b2 when
bifurcation diagrams
Analyzing the solutions given in Table 2 , we conclude that for (λ + 3µ)F N + (λ + µ)F T > 0 the solution to Problem (33) is unique for any friction coefficient. This is also the case when (λ+3µ)F N +(λ+µ)F T ≤ 0 and F N ≤ 0. In fact there are only two loading situations where a (global) multiplicity of solutions occurs. The first case: (λ+3µ)F N +(λ+µ)F T < 0 and F N > 0 and the second (more particular) case: (λ+3µ)F N +(λ+µ)F T = 0 and F N > 0.
4.3.1
Case (λ + 3µ)F N + (λ + µ)F T < 0 and F N > 0
In this case, the solution b1 of Table 2 is valid for any friction coefficient. This solution corresponds to a separation of point A from the rigid foundation. Moreover the solution given by b2 solves the problem for any F ≥ −F T /F N whereas case b5 is valid for F > −F T /F N . The two branches b2 and b5 intersect each other at F = −F T /F N in a bifurcation point of type a2 relatively to the classification of Table 1 . A very interesting characteristic is that the bifurcation diagram is not connected and there is no bifurcation from the branch b1 (see Fig. 4 ).
b r a n c h b 5 ( s li p ) In this case the solution b1 of Table 2 is valid for any friction coefficient. We observe that this solution represents grazing contact with nonzero slip. The solution given by b2 is valid for F ≥ (λ + 3µ)/(λ + µ) and solution b6 is valid for F = (λ + 3µ)/(λ + µ). In fact, it can be viewed as the limit case of the bifurcation diagram considered previously when (λ + 3µ)F N + (λ + µ)F T goes to zero with negative values. Here the diagram is connected and it contains the vertical branch b6. The bifurcation points are of type a1, a2 and a5 following the classification of Table 1 (see Fig. 5 ).
.λ N branch b2 (stick) bifurcation point a2 Remark 5 For a solution of case b1 corresponding to grazing contact with nonzero slip, the friction coefficient is an eigenvalue when F ≥ (λ + 3µ)/(λ + µ) (case a5 of Table  1 ). The absence of bifurcation for F > (λ + 3µ)/(λ + µ) illustrates the fact that the assumption leading to the local uniqueness and continuation result of Theorem 1 is a sufficient condition which is not necessary. This is also the case when F N = F T = 0 where u N = u N =λ N =λ T = 0 is the unique solution for any friction coefficient although this is a point of type a6.
Concluding remarks
This work is a first contribution dealing with local uniqueness and continuation of solutions without any smallness assumption on the friction coefficient. We prove that the solutions are locally unique if the friction coefficient does not belong to the spectrum of a contact status depending matrix. We discuss in detail a simple case for which we exhibit some nonsmooth bifurcation diagrams, one of them being not connected. Nevertheless several questions concerning this study remain open. A interesting study would be to classify the bifurcations which occur when the friction coefficient reaches an eigenvalue and to give necessary and sufficient conditions for a bifurcation to appear. Of course, this should be rather more complex in this non-smooth context compared to the classical smooth one presented for instance in [25] . Another line of research would be to extend these results to the continuum case.
Although the analysis we made is dedicated to the static case, the latter is very close to the problem coming from a time step of an implicit scheme of a dynamic or quasi-static friction problem. For instance, in the dynamical case, the discretized problem coming from a time step is merely the same as Problem (22) when adding a source term coming from the previous time step, changing KU with M/(∆t) 2 + KU and B T U with B T V where ∆t is the time step, M is the mass matrix and V is the discretization of the velocity. So our work can be trivially extended to this case showing some bifurcations of the fully discretized scheme.
From the term M/(∆t) 2 one could believe that for a sufficiently small time step ∆t the bifurcations disappear. It seems that it is not the case, due to the term B T V in the friction condition which implicitly contains a 1/∆t factor. An interesting open problem would be to study the evolution of the bifurcations (i.e., the evolution of the corresponding eigenvalue problems) when h and ∆t tend to zero. For the moment, no evidence of dynamic bifurcations has been exhibited for the continuous dynamical friction problem except when the friction coefficient is a decreasing function of the sliding velocity (see [18] and [26] for instance).
We dedicate this article to the memory of Jean-Claude Paumier.
